We elaborate on Abelian complex scalar models, which are dictated by natural actions (all couplings are of order one), at fixed and large global U (1) charge in an arbitrary number of dimensions. The ground state |v is coherently constructed by the zero modes and the appearance of a centrifugal potential is quantum mechanically verified. Using the path integral formulation we systematically analyze the quantum fluctuations around |v in order to derive an effective action for the Goldstone mode, which becomes perturbatively meaningful when the charge is large. In this regime we explicitly show that the whole construction is stable against quantum corrections, in the sense that any higher derivative couplings to Goldstone's tree-level action are suppressed by appropriate powers of the large charge.
: A schematic diagram for the three ingredients entering the action of a complex scalar theory at fixed global charge Q 0 . When the hierarchy among the fundamental scales in the top right corner applies (V being the d-dimensional space volume), there is a stable condensated vacuum |v with a fluctuating Goldstone field χ(x) around it. This Goldstone mode exhibits a non-trivial dispersion relation ω χ (depicted here for a pure |φ| 2N potential).
Introduction
In [1] the authors argued that under certain (mild) assumptions a strongly coupled scalar theory can be found effectively at weak-coupling in the sector of fixed and large global charge Q 0 . This was motivated by the previous observation [2] that a perturbative expansion in the example of the threedimensional O(2) model at the conformal fixed point exhibits 1/Q 0 as a good controlling parameter 1 , even when the original coupling is large.
In an arbitrary number of space-time dimensions D = d + 1 , the idea was made precise and generalized by focusing on the class of O(2n) vector models. Fixing ν ≤ n of the global charges implies then a spontaneous symmetry breaking at a non-trivial vacuum state |v , but also the appearance of Goldstone bosons with generalized dispersion relations (see also the discussion in [3] and [4] ). Most interestingly, it was shown that by appropriately U(ν)-rotating in field space, we can always arrange, such that the vacuum expectation value (vev) is assigned in one complex direction only, which in turn defines an Abelian subsector of the theory. Only one parameter µ = ψ characterizes the timeevolution of this vev. At large U (1) charge, this non-constant background dominates the infrared physics around |v via one relativistic Goldstone boson exhibiting a non-Lorentz invariant dispersion: ω χ (k) = c |k| with speed of light c = c(µ) < 1. In Figure 1 we present a schematic summary of those findings, where the contributions of the classical vacuum, the Goldstone and the higher derivative corrections to the effective action at fixed charge are listed in decreasing order of Q 0 .
In this paper we wish to investigate more closely the aforementioned U(1) sector, which is predominantly present in scalar theories for any number of fields n and fixed charges ν ≤ n . In principle, we can start from any O(2)-symmetric (not necessarily scale invariant) smooth scalar potential V (|φ|) , φ ∈ C . For concreteness we focus on polynomial potentials,
because other classes of models, e.g. dbi actions including square roots, can be often (or especially at large charge) polynomially expanded. The naturalness condition on the coupling constants reminds us that these potentials are to be thought of as descending from some effective Wilsonian action with generic couplings dictated solely by the symmetries of the problem. In the present context the action associated to (1) sets the initial high scale Λ , from which we srtart to observe our model. Since the behaviour of the Q 0 -leading outcome at each stage of our derivation does not change, we will additionally set λ i = 0 for 1 < i < N , in order to simplify further the calculations. Our starting point is thus the Hamiltonian for a complex scalar field in flat space,
commuting with the U(1)-charge
For all the formal derivations we only need to assume that we are working in a finite space volume V ∼ O(1) with vanishing boundary conditions (bc) . Hence, it makes sense to define the charge density as ρ 0 = Q 0 /V . As the Hamiltonian (2) enjoys in real degrees of freedom (dof) an O(2) symmetry, we shall also refer to it as the O(2) model. Starting from such an action at scale Λ, we can write down an effective action below that scale in a sector of fixed charge Q = Q 0 , which at large Q 0 admits a fully perturbative treatment. The existence of a perturbative expansion in a natural situation, as it is generically described by the potential (1), poses by itself a non-trivial statement. Consequently, our objective is summarized as providing alternative derivations and further evidence in the quantum field theoretic (qft) context for the existence and well-definedness of the large-charge vacuum of (2) as well as of the sensible 1/Q 0 expansion around it.
Overview of the paper
First, in Section 2 it is shown that imposing fixed charge as an operator identity in the zero-mode sector of the theory is equivalent to the anharmonic isotropic oscillator problem in quantum mechanics (qm) at fixed angular momentum on the Euclidean plane. This fact manifests itself in the su(1,1) symmetry algebra of the vacuum state |v at T = 0 . That observation enables us to use both flat as well as generalized coherent states to explicitly construct the large-charge vacuum |v via the zero modes, to begin with. In particular, we derive for both cases the appearance of a centrifugal barrier Q 2 0 2v 2 in the classical potential at fixed Q 0 , which creates the non-trivial minimum to expand around.
Once the zero mode story at fixed charge is well understood, we proceed in Section 3 to discuss the quantum fluctuations on top of |v . These constitute the Q 0 -subleading corrections to the zero-mode coherent state, such that the full large-charge quantum state is constructed [5] as
where each |k stands for an ordinary qft coherent state constructed on top of the condensated vacuum |v . For the purpose of discussing the quantum theory of those momentum fluctuations k, we follow a different path compared to the canonical quantization implemented in [1] or the coset construction invoked in [6] . We use the path integral formulation and realize that the fixed charge physics can be interpreted as the Fourier transform at level Q 0 of the grand-canonical ensemble at finite chemical potential iθ . As expected in the U (1) sector, we find two modes, a massive field a(x) and a massless χ(x) with an energy gap dictated by Q 0 . Subsequently, integrating out the massive mode we are able to write down a quantum action that is quadratic in the Goldstone field and assert in the large charge regime that all higher derivative corrections are suppressed by certain powers of 1/Q 0 . In Appendix A we provide some basic technical machinery for the computations we perform. In Appendix B some elements of the compactification of large-charge theories are illustrated. Apart from that, in Appendix C we discuss the free field theory at fixed charge using the language of holomorphic formalism.
Ground state physics
In this section we shall analyze the ground state at large charge. The process describing charge fixation and the associated symmetry breaking is termed Bose-Einstein condensation (bec). It can be treated classically by considering Hamilton's equations of motion (eom) while incorporating the finite charge density as a canonical variable. Alternatively, we show here, that fixing the charge by the momentum zero modes implies a restriction of the initial Hilbert space of the theory. Inside the restricted Hilbert space we shall explicitly construct the state of large charge both as a flat and as a generalized coherent state in quantum mechanics (qm). This construction is important, as it constitutes the leading approximation to the actual coherent state of the fixed-charge problem, schematically given in Eq. (4) .
Zero-mode Hamiltonian
As far as the zero modes are considered we can choose to parametrize our scalar field in real components,
By subsequently going to momentum space via
where V denotes the total space volume and m is a qm mass parameter, we can explicitly separate the zero mode piece in the Hamiltonian (2) :
In addition, to fix the U(1) charge (3) starting from eigenvalue equation
we impose
i.e. we require that our qm coherent state introduced in (4) fulfils charge conservation as an exact operator identity.
In total, we observe that, after relating the position x, y and conjugate momenta p x , p y of an isotropic oscillator to the zero modes of the O(2) model in Eq. (2), according to x ↔φ R (t, 0) , y ↔φ I (t, 0) and p x ↔π R (t, 0) , p y ↔π I (t, 0) ,
the problem of fixing the charge and constructing the coherent state leads precisely to the qm case of the anharmonic isotropic oscillator in 2D at fixed planar angular momentum. Thus, we turn to investigate this problem in greater detail. In the following of the zero-mode discussion, we interchangeably use the concepts of U(1) charge and 2D angular momentum.
Quantum mechanics at fixed angular momentum
Following the identification scheme (10) we express the zero modes in oscillator space by a standard canonical transformation to the circular basis of left-and right-movers (for the conventions used see Eq. (69) in appendix). In particular, charge conservation (9) in oscillator space reads
To construct such a ground state |v , we need to select from the full set of number operator eigenstates,
which form the original Hilbert space H of the isotropic oscillator, only those satisfying
This subset defines the restricted Hilbert space
Consequently, the problem of finding the zero-mode vacuum of scalar O(2) , Eq. (2) , under (first class) constraint (9) reduces to variationally constructing the coherent state of the quantum anharmonic isotropic oscillator problem
inside the Hilbert space (14) . For the remainder of this section we shall denote the zero-mode Hamiltonian (7) simply by H.
Introducing the su(1,1) generators
The structure-preserving operators for the Hilbert space defined in Eq. (14) are found [7] to be
They satisfy the standard angular momentum algebra
and are thus identified with the generators of the Lie algebra of su (1, 1) . A relevant realization [8] of this algebra for the isotropic (an)harmonic oscillator problem is given by
One can verify that the three operators in this representation satisfy the algebra of Eq. (17) , once the canonical commutation relations among r, p are assumed. The frequency ω , which is needed to match the dimensions properly 2 , can be thought of as a Bogoliubov parameter in the sense outlined in Appendix A.1 . As we will shortly derive, this parameter drops from all physical quantities. Since we are interested in the physics inside h Q 0 , it is sensible to express the initial Hamilton operator (15) only in terms of the structure-preserving operators (16) . Using representation (18) this leads to the following "radial" expression for the Hamiltonian under investigation:
At this stage we invoke yet another realization of the su(1,1) algebra, which is particularly welladjusted for our purposes, first used by [9, 10] in a similar context of large-N expansion, namely the so-called Holstein-Primakoff representation,
where a, a † are canonical ladder operators satisfying [a, a † ] = 1 . It is intuitive 3 to think that the auxiliary mathematical space upon which a, a † act is identified (to leading order) with the restricted Hilbert space h Q 0 introduced in (14) :
After this realization we are in a position to construct the vacuum state for the zero modes as a flat (Glauber) coherent state:
|α| 2 e α a † |0 Q 0 with a |α = α |α , α ∈ C .
2 Conveniently, in natural units the su(1,1) generators are dimensionless, [K0] = [K±] = 0 . 3 In fact, one can rigorously show [11] that at Q0 → ∞ the angular momentum algebra can be contracted (by taking formal limits) to the harmonic oscillator algebra. In particular, this implies a contraction of the corresponding radial coherent states defined in (26) to the Glauber state (22) 
Here, |0 Q 0 signifies the vacuum of the restricted Hilbert space H Q 0 defined in Eq. (14) . The associated coherent energy, i.e. the vev of Hamiltonian (19) w.r.t. |α , reads
Relying on the underlying U(1) symmetry we may always choose α ∈ R . Expressing then the coherent parameter α in terms of the radial amplitude v and the Bogoliubov frequency ω,
we can rewrite (23) as
Therefore, we see that with the present coherent construction the centrifugal potential, familiar from classical mechanics, is precisely reproduced by fixing the charge. Notice also, that the final result written in terms of the field theoretic quantities ρ 0 and v is independent of the Bogoliubov parameter ω, as it should be. Alternatively, we could directly proceed from Eq. (19) by constructing generalized (or "radial") coherent states of Perelomov-type compatible with the algebra (17) following the prescription first presented in [12, 13] :
where the coherent ζ = − tanh(θ/2) e iϕ can be parametrized in terms of the SU(1,1) group manifold parameters θ ∈ R , ϕ ∈ [0, 2π] . Using (again we arrange for v ∈ R)
we recognize that the generalized vev of the quadratic kinetic term,
precisely reduces to the classical centrifugal barrier. Note at this point that we did not need to rely on the large charge assumption to derive the appearance of this barrier term in the classical potential R, only at its finiteness. On the other hand, as explained in [14] and outlined in Appendix A.2 we find for the original potential r 2N the relation
so that in total the generalized coherent vev ζ|H|ζ ζ|ζ agrees to leading order 4 with the centrifugal potential derived in Eq. (25) via the Holstein-Primakoff construction.
Eventually minimizing the classical centrifugal potential derived in (25) we fix the value of the radial amplitude v or equivalently of the coherent parameters α , ζ in (22) , (26) respectively:
Therefore, we see that the coherent ground state |v of fixed and large charge naturally constructed by the zero modes to first approximation, is uniquely determined by the centrifugal potential in Eq. (25) . Its coherent energy (23) at the variational minimum has by itself an 1/Q 0 -expansion for non-vanishing mass parameter M :
For M = 0 all the classical expressions at the coherent vacuum become exactly solvable.
In total, we learn from the study of the zero modes that just by restricting ourselves to the Hilbert space of fixed Q 0 naturally leads to the emergence of su(1,1) symmetry. Exploiting this symmetry it is possible to construct explicitly the classical vacuum |v of our theory (at any finite value of the fixed charge) as a coherent state, whose energy includes the crucial centrifugal barrier term (28). This ensures the existence of a non-trivial minimum (Eq. (30)), around which we are going to find a stable perturbative expansion at large charge.
Quantum fluctuations
In this section we analyze the quantum fluctuations |k in Eq. (4), on top of the large-charge vacuum |v constructed in the previous section. For this purpose we revert to the path integral formalism and generically define the fixed charge partition sum by
with H being the Hamiltonian of the initial system and Q the operator associated to the charge we wish to fix. To make contact with thermal field theory literature [15] as well as the holomorphic treatment in Appendix C, we perform a standard Wick rotation, d D x → β 0 dτ dx , while identifying β = T −1 . Z θ (β) stands for the partition sum of the grand-canonical ensemble at finite chemical potential 5 iθ .
In the following, we focus on our paradigm of the O(2) model in Eq. (2) with Lagrangian density
We shall find that the quantum theory at fixed Q 0 has one massless (Goldstone) mode and a massive field. Once we integrate out the massive mode, an effective action quadratic in the massless field emerges. We will make sure that all higher derivative corrections to this action are suppressed in the large charge regime.
The ground state in the semi-classical treatment
Before proceeding with the quantum analysis though, we want to relate the semi-classical formulation to the previous qm derivation of the zero-mode ground state. In order to fully exploit the U(1) symmetry it is most convenient, if we revert to the polar field basis
Note that this basis change in field space is related [16] to a non-trivial Jacobian factor in the path integral:
Similar to ordinary polar coordinate transformation, this path integral Jacobian depends only on the radial field. In this polar basis the U(1) charge density corresponding to (3) becomes
so that the fixed charge condition in Eq. (9) at T = 0 takes the classical form of angular momentum conservation,
where vevs are taken w.r.t. the large-charge vacuum |v constructed in Section 2 . Therefore, we conclude that finite charge density ρ 0 = 0 in field space means not only a non-vanishing radial vev r 2 = v 2 associated to the spontaneous symmetry breaking, but it also implies the existence of a non-constant background for the angular field 6 :
This time-dependent background is already manifest at the grand-canonical level, which is used as an intermediate step in the transformation prescription (32) to obtain the canonical physics at fixed charge. The grand-canonical Lagrangian density L θ (β) associated to (33) is given by [15] 
It is crucial to realize that the appearance of an effective mass θ 2 β 2 in the radial direction acts as a "natural" regulator for the Fourier integral in the defining Eq. (32) . Implementing vev-configuration (37) we next calculate the canonical potential at zero temperature in the sector of finite Q 0 :
6 As in the case of constant vev , we can use the U(1) symmetry to set an overall integration constant ψ0 to zero.
where in the canonical partition function,
the path integral Jacobian (35) was evaluated at the ground-state to J = v. In fact, in the present condensate arrangement this factor stems from the familiar Jacobian appearing in ordinary polarintegration in 2D. Legendre-transforming (40) we end up again with the classical centrifugal potential 7 of Eq. (25),
whose minimum has been determined in (30) . At this minimum, charge conservation (37) would then imply for the angular vev:
All in all, we see that the formal definition (32) reproduces indeed at T = 0 the coherent state result obtained by the qm treatment of Section 2.2.
The full quantum action
Henceforth, we set M = 0, i.e. we consider a pure |φ| 2N potential, just for computational simplicity. For discussing the fluctuations (i.e. momentum non-zero modes) in the real fields it also suffices to first focus on θ = 0 , and afterwards incorporate the effect of θ-integration in Eq. (32) in the form of a quantum correction. Starting from the radial ansatz (34) we write the fluctuations on top of |v in the form of
such that the grand-canonical Lagrangian L θ at θ = 0 breaks into powers of fluctuating α(x) and χ(x) , schematically:
Because of the U(1) symmetry being realized as a shift symmetry in the χ-direction, there can be no potential for the χ field. Hence, this field is going to play the role of the Goldstone boson in the effective action we aim at.
Generally, linear terms L (1) [v, µ ; α, χ] in the fluctuations are to be anticipated, since we are not expanding around the grand-canonical vacuum (i.e. the minimum of U (v, µ) in expansion (45)). However, all those terms drop from the action. In detail, by the zero-mode assumption any term linear in α vanishes:
while the appropriate periodic or vanishing bc for the χ field in volume
implies the vanishing of L (1) [v, µ ; χ] as a total derivative (remember that due to U(1) symmetry only powers of ∂χ are allowed). Analyzing next the Lagrangian piece quadratic in α(x), χ(x) ,
we observe that α(x) is a massive field with a quadratic potential (written with the help of Eq. (30) and (43) in terms of λ and ρ 0 ) ,
To fully appreciate the significance of this radial mode we need to move to the minimum of V (2) , 
The colours help to keep track of the high scale origin Λ (i.e. before integrating out the a field) of the first few terms in the final expression (66) for the χ-effective action. In total, we clearly recognize that a(x) becomes a very massive field (m a ∼ ρ 0 ) in the large charge regime with a time-independent tree-level propagator 8
and higher-loops on a non-constant, ∂χ-dependent, background. Therefore, it does not influence the low-energy dynamics around |v , and hence it makes sense to integrate out this massive mode. In other words, we have to (perturbatively) solve the path integral of massive a 2N -theory in presence of "external" current,
Note that the χ-current is ρ 0 -suppressed, only because we have shifted to the minimum of α fluctuations determined by (50).
Integrating out the massive mode
At this stage, our goal is to fully integrate out the ρ 0 -massive field a(x) in order to write down an effective action for the light mode χ(x) fluctuating around |v at scales below Λ . This χ-effective action would look like
where the canonical classical potential V was computed in (40), S[χ] is the a(x)-independent part of the action in (51) and Z 0 denotes the tree-level partition sum of the a(x) field, 
S I includes the a(x)-loops described by L (i>2) χ
[a] and for ease of reference we have also summarized the effect of θ-integration (32) and polar Jacobian (35) in S θ−eff and S polar , respectively.
Performing first the Gaussian path integral in Z 0 , we immediately find
(see Eq. (52)), the log 1 − e −βωa(k) -part is exponentially suppressed and hence negligible. The vacuum energy of a-mode (first term) on the other hand is of tructable order, but irrelevant for the χ-effective action. Furthermore, there is a non-vanishing source term, relevant for the χ-effective action, which is expressed in terms of the position space propagator D 0 (x − y) a for the a(x) field. To estimate its order we need the ρ 0 -scaling of space-time propagator given in (82) as well as the scaling of j χ (x) defined in (53) , so that we find its contribution to the χ-effective action being
Momentum cut-off and suppression of a-loops
At this point we turn to the interaction terms encoded in S I [a, χ] of formula (54) . To be able to consistently integrate out the a(x) field, we need to ensure that all pure-a loops are suppressed, once Q 0 1 . The basic ingredients needed for a detailed computation of a(x) m -loops on the non-constant χ-background are listed in appendix A.3 . Here, we only note an outline of basic facts to establish the desired suppression. Inspecting the various powers of a m in (51) at θ = 0 , one explicitly records a decreasing scaling behaviour with increasing m ≥ 2 :
Since the leading background-dependent quadratic term ∼ X a 2 (x) ∂ 0 χ(x) a is kinematically vanishing, the remaining dominant loop is the pure-a quartic interaction,
where the base Matsubara sum is resolved in Eq. (80) of Appendix A.3 . For the integral over spatial momentum we need to introduce a cut-off, k ≤ Λ . The scaling of (59) helps us then set the fundamental momentum cut-off at
, fundamental cut-off .
Notice here, that last inequality needs to be strict (in order for loop-suppression to be achieved), whereas the first inequality could well be saturated, as it merely arises from requiring a sufficiently large momentum cut-off Λ for interesting physics to appear around larger Q 0 . For the various loops of a(x) we note that each (un)-contracted field combination brings at most (if not kinematically constrained)
The derivation of the latter scaling is based on Eq. (81) . Both unsaturated upper bounds 9 are estimated at the cut-off (60) . In addition, due to the non-vanishing source j χ (x) a finite number of corrections arises in each contraction, by taking namely (multiple) functional derivatives of exp
. These terms however are always quite subleading to the fully contracted term (the one surviving, when the current vanishes) due to the ρ 0 -suppressed current j χ (x) defined in Eq. (53) .
Effect of Fourier integration
To fully flow to the canonical ensemble at fixed charge we need to Fourier integrate as indicated in formal definition (32) . From Eq. (39) we immediately recognize that this θ-integral has a dominant Gaussian kernel, namely
Due to the ρ 0 -scaling of v in Eq. (30) , this results into physical quantities being exponentially suppressed already at θ ∼ O(1) . Indeed, after performing the θ-integral, we find that the leading contribution is a pure a-term, ρ
, which remains suppressed due to the cut-off (60) . The first non-trivial correction to the χ-effective action from this Fourier part amounts to
, (63) which lies beyond the order of the few first terms we have chosen to display in Eq. (66) .
Non-trivial path integral Jacobian
Since we have expanded φ in polar field variables (α, χ) , we need to account for a non-trivial Jacobian factor in those fluctuations. Effectively, it leads to an additional piece in the grand-canonical action (39) of the form stated in (35) , which in the present setup with r = v + α becomes
Notice that this depends now on the χ field, because we have shifted α(x) around (50) . Expanding the logarithm for large v we calculate the contraction of the pure-a leading term by using (61),
proving consistent with integrating out the massive mode. The relevant terms for the χ-effective
start way beyond the order displayed in Eq. (66) .
Goldstone effective action
Assembling all pieces outlined in the previous paragraphs we are now in the position to write down an effective action for the χ field alone. This is thought of as the light mode entering the low-energy action around the large-charge vacuum |v , obtained once we fully integrate out the massive mode.
As we shall conclude, it is possible to analytically follow the derivation from the full quantum action at scale Λ presented in (51) to the low-energy effective action around |v , only due to the large charge assumption. To easily keep track of this procedure we use colours that refer to the full action at scale Λ. They show the field content a certain term from action (51) brings down to the low-energy effective action, once the a-mode is integrated-out. The first few terms in the χ-effective action are summarized as
The low-energy action starts thus, with the classical potential at fixed Q 0 , defined in Eq. (40), which is provided here for the massless case. Since in ordinary qft considerations we have chosen to work in Lagrangian formalism, note that this potential is not equal to the centrifugal potential (40). Rather, it is naturally identified as the leading vacuum contribution of the running Goldstone corresponding to the vev configuration (38).
Because of the global U(1) symmetry, χ → χ + ξ , no mass-term can be generated perturbatively. Therefore, we see that indeed χ plays the role of a Goldstone mode fluctuating around the vacuum |v . Its tree-level dispersion relation (blue term) manifestly breaks Lorentz invariance. As it is extensively commented in [1, 17] , this breakdown of Lorentz covariance is to be fundamentally expected due to the rapidly rotating vev we had to assign in Eq. (38) to the angular field, only in the temporal direction, in order to fulfil charge conservation condition (37) at the classical level. All derivative corrections to leading Goldstone's dispersion relation are also expected to break Lorentz invariance in the same manner. On the other hand, the spatial kinetic term is not influenced by this vev configuration, which means that in contrast to large spin theory, homogeneity in space is preserved to all perturbative orders (for recent developments in higher spin theories, also in the context of O(2n) models, see e.g. [18] ).
The first correction to the leading Goldstone dispersion (red term) comes from
51) ; already just by freezing the massive mode around the minimum (50) (or by roughly substituting for α(x) the solution to its classical eom). For N = 2 there are further corrections to the leading dispersion coming from L[χ] . Otherwise, for N ≥ 3 , the next-to-leading correction is posed by the background dependent a-mass in L (2) χ [a] of (51) (orange term) . All in all, we see that for all those higher corrections the appearance of the charge density ρ 0 in the denominator gurantees the desired suppression, when the compatible momentum cut-off (60) is imposed. The ρ 0 -order at which further contributions from S I [a, χ] as well as S θ,eff [a, χ] and S polar,eff [a, χ] appear in the χ-effective action, once the massive mode is integrated out, is sumamrized in Table 1 .
higher order loops S polar,eff effect of non-trivial Jacobian Table 1 : In this table we schematically list (in decreasing strength of ρ 0 ) the order at which contributions from the initial action at scale Λ appear in the low-energy χ-effective action (54), once the a-mode is fully integrated out. In particular, L 
Conclusions and Outlook
To summarize we find that despite starting from a very excited state |v of large charge Q 0 (the condensate energy (31) scales with Q 0 ), it is still possible to write down a meaningful low-energy effective action around it. Note at this point that in order to derive the form of the coherent state |v in Section 2 we only had to fix the charge Q 0 and not necessarily to assume that it is large. On the other hand, the results presented in this section are crucially based on the large charge assumption to maintain a perturbative character.
Approaching the low-energy regime around |v is achieved by fully integrating out one of the two physical dofs, the massive mode a(x) , i.e. solving perturbatively the corresponding path integral Da , as instructed in Eq. (54) . There thus remains a light mode, the Goldstone χ(x), to describe the small-momentum 10 excitations around |v , encoded by |k in Eq. (4) . The resulting low-energy effective action (66) has a perturbative expansion in higher derivative couplings of the Goldstone field χ(x), which is controlled by the large charge Q 0 . In that sense, we verify that the construction is indeed stable against quantum corrections under the hierarchy presented in Figure 1 among the fundamental scales of the original problem. Finally, in Figure 2 we diagrammatically summarize the steps we have followed to setup our large-charge perturbative expansion.
After we have seen that at large charge there is a sensible perturbative expansion of our scalar theory in flat space, we can directly apply this in computing the vacuum energy of non-trivial space configurations, i.e. when we compactify δ ≤ d space dimensions on some manifold M . Apart from phenomenological purposes, the energy computation in such a topologically non-trivial setup becomes meaningful in particular, either when the theory is at a conformal fixed point or in the context of the Casimir force. 6 . The main point to be emphasized is that the qualitative considerations leading to low-energy action (66) are to be applied also, once the compactification space is S 2 (R) with the only major adjustment (this is justified in Appendix B.1, where the role of the free field is played to leading order after the condensate by the Goldstone mode χ(x)) that the momentum is now discretized according to k 2 → l(l + 1)/R 2 . Notice also that the appearance of an effective mass 1/4R 2 because of the conformal coupling to non-vanishing curvature has only a subleading effect in every step of the preceding large charge derivation, as it falls into the general class of polynomial potentials in Eq. (1) .
Regarding the Casimir effect the sensible energy to examine in a finite volume at finite temperature is the (thermodynamic) free energy 11 F (p) V of the topologically non-trivial theory, after subtracting the topologically trivial (i.e. with vanishing spatial bc) free energy F van V inside the same volume V :
Generically, the crucial point in this situation is that our condensates v and µ are not influenced by space identifications. Concretely, despite having a non-constant ψ-background in (38), ψ = µ t , this evolves only in the time direction. On the other hand, any meaningful compatification extends at most in d spatial dimensions. Therefore, from the perspective of ψ the effect of the compactifiaction is not felt, because the leading condensate contribution eventually drops from defining equation (67) .
As a relevant application a toy model for circle compactification is discussed in Appendix B.2 .
Outlook
In this work the principles and many properties of scalar qft at large global charge were explored. Together with the recent interest in the literature in that and related topics (see the references cited in the introduction), it becomes clear that there is a fruitful path to be followed in order to deeper comprehend more theories at large global charge(s). After having analyzed the scalar vector model, the first (obvious) generalization are matrix models with fields in the adjoint representation of the global symmetry group. A further task we aim at addressing in a future work is to fix the charge in a purely fermionic theory. Similar to the spirit that was presented in this work for the scalar theory, we wish to understand whether and how we can obtain a perturbative expansion in a purely fermionic theory, when starting from some natural action with coupling constants of order unity. The holomorphic formalism discussed in Appendix C , which is the natural formulation for fermionic qft, might turn out to be beneficial in this context. We plan to come back to those open subjects, also as part of the extended collaboration of [1] , in the near future.
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A Important relations and technical remarks A.1 Canonical transformations
As customary in quantum mechanical manipulations we think of writing the Hamiltonian in Eq. (15) in terms of ladder operators via canonical transformations to oscillator space,
and similarly for y-coordinate. From there we define the oscillator basis for circular polarization as
Families of unitary equivalent Hamiltonians
For the su(1,1) realization of anharmonic problem in Section 2.2 we need to remind ourselves that our initial Hamiltonian can always be canonically deformed. Algebraically, this is realized [19] via performing a canonical transformation to rescale r , p expanded as in (68).
y } of creation and annihilation operators is obtained from the old one a, a † through a Bogoliubov transformation [20] for each i = x, y , charachterized by a continuous parameter |t| < 1 :
Setting Ω := 1−t 1+t the Bogoliubov transformation means that r , p are rescaled as
and the same for y, p y . Consequently, the canonically deformed version of the anharmonic Hamiltonian (15) now becomes
Notice also, that charge conservation (9) is compatible with this canonical flow, in the sense that the angular momentum operator is not influenced by it, Q = xp y − yp x → Q Ω = Q .
A.3 Thermal sums and loop integrals
In this appendix we list the two basic types of loop sums encountered, when integrating-out the massive field to compute higher terms in the effective action (66) . The thermal sum over tree-level
The final order-estimation is done using the cut-off (60) . Another basic thermal sum appearing in the higher a-loops describes coupling to the source j χ (x) of the form
where we can estimate the ρ 0 -scaling of the position-space thermal propagator [21] as
. For the application of the derived formalism to sphere compactification we need to relate the flat action in R 1,2 to the one on R t × S 2 (R) or after analytic continuation from S 1 (β) × R 2 to S 1 (β) × S 2 (R) . For that we need the solutions to Beltrami-Laplace eigenvalue problem,
with both l, m ∈ Z and l ≥ 0 , while m = −l, ..., l . These are the so-called spherical harmonics,
where we abbreviate Ω ≡ (θ, φ) . Here, we use the Condon and Shortley phase convention, but this is irrelevant for the outcome. We record the properties of this orthonormal basis
which in particular imply that
The action on S 2 (R)
The Euclidean action of the free real scalar field ψ(t, Ω) on S 2 (R) reads
This results in periodic bc along this direction and vanishing along the other two encoded as r = (x, y) :
The momentum along the compactified direction gets discretized accordingly, k z = n R , such that the spherical cut-off (60) now becomes n ≤ R |Λ| and k
Using then the leading Goldstone dispersion relation from (66),
the Casimir energy per unit area along the two uncompactified directions becomes
where we may think of the total volume as V = L 2 × (2πR) with the understanding that eventually L → ∞ . Concerning the ρ 0 -scaling of the cut-off Λ it is admissible to implement (60) , since we have chosen to work with a spherically compatible cut-off as the one introduced in (95) .
Higher dimensional (at least toroidal) compactifications will result in more involved lattice sums. Still, what we recognize from the simple toy model on S 1 (R), is that because of the fundamental momentum cut-off (60) any lattice sum will be finite and shall contribute at a given ρ 0 -order.
C Free field theory at fixed charge
To complete the treatment of scalar models at fixed charge, we deal here with the O(2) action of a free complex scalar field. Note however, that this is essentially different from the bec procedure and the coherent state we constructed in Section 2.2 for the interacting case. This compact treatment of the free theory using the holomorphic language [22] is done in a way that might shed some light onto future extensions of fixed charge constructions, especially in the direction of the purely fermionic scenario.
First, we consider the relevant quantum mechanical system, namely the harmonic isotropic oscillator in 2D, described by Hamiltonian (15) for λ = 0 . In the circular basis (69) for some arbitrary frequency ω, it simply reads (disregarding the normal ordering constant)
As we have seen in Section 2.2 , in the appropriate basis {|n L , n R } fixing the angular momentum to Q 0 as in Eq. (11) implies the restricted Hilbert space (14) . Hence, it is straight-forward to compute the fixed charge partition sum of the isotropic oscillator inside h Q 0 to
To compute the time-evolution operator we now pass to the holomorphic formalism. This is done mainly by promoting the canonical ladder operators to holomorphic variables. In this formalism we first define the kernel of time evolution operator at level Q z (the projection of Q 0 along the z-axis) by
where a i ≡ a i (τ ) andā i ≡ā(τ ) for i = L, R are thought of as independent variables and the two θ-twisted kernels are given by 
where I m (x) denotes the modified Bessel function of the first kind and the phase shift is dictated by
in terms of left-/right-moving amplitudes,
Now, we are in a position to introduce the full time-evolution operator at level Q 0 = |Q z | as the sum of the two z-projected ones,
The immediate generalization of the preceding quantum mechanical treatment to (d+1)-dimensional quantum field theory takes [23] with the mass-shell condition ω k = M 2 + k 2 and the charge operator Q given in (11) .
